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Theory vs Practice of SAT Solving

Theory Practice

CNF-SAT is NP-complete. SAT solvers can deal with
instances with millions of variables.
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Theory vs Practice of SAT Solving

Backdoors

A backdoor to a class € for a formula F is a set of variables B C V(F) such that

Flo] belongs to € for all assignments o : B — {0,1}. F

Tractable classes € tor SAT: 2-CNF, Horn, Affine, ...




Theory vs Practice of SAT Solving

Backdoors

A backdoor to a class & for a formula F is a set of variables B C V(F) such that

Flo] belongs to € for all partial assignmentso : B — {0,1}.
Tractable classes € for SAT: 2-CNF, Horn, Affine, ...

Problem 1: Finding a small backdoor to a class 6.

Problem 2: Evaluating F given a backdoor B. 218l voly(n) time
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QOBF: Does @ . F evaluate to 1?

@Q = 3x;Vx, Vx3 3x, Vxs Axg 35 Axg Vixg

F=0VHLVX)ANGVILVI)AUXsVIH)AXGVIZVI) AUV XV X3) AV XV Xsz)



Backdoors for QBF?

QOBF: Does @ . F evaluate to 1?

@Q = 3x;Vx, Vx3 3x, Vxs Axg 35 Axg Vixg

F=0VHLVX)ANGVILVI)AUXsVIH)AXGVIZVI) AUV XV X3) AV XV Xsz)

QBF as a game: d-player and V-player take turns according to Q.
Does d-player have a winning strategy (forcing F to be 1)?



Backdoors for QBF?

Quantifier prefix matters

QOBF: Does @ . F evaluate to 1?
JuVx. (Lt Vx)A WV X)

(it Vx) A (uV X)is satisfiable //(um—1,x+— 0)

JuVx. (t Vx)AVX)isfalse



Backdoors for QBF?

Quantifier prefix matters for backdoors

QBF: Does @ . F evaluate to 17
Vudx. (u vV x)A(uVX)
Vudx. (t Vx)AuVX)istrue

Branch x = 0: Yu. (u) is false
Branch x = 1: Yu. () is false



Backdoors for QBF?

Tractable classes

QOBF: Does @ . F evaluate to 1?

Schaefer: QBF isin P if Fisin
1. 2-CNF

2. Affine

3. Horn

4. Dual Horn
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Attempt 1: out-of-class clauses

QOBF: Does @ . F evaluate to 1?

Fix a tractable class € for QBF.

Backdoor to €: clauses in F that are not in 6.
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2-CNF
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Attempt 1: out-of-class clauses

Bad news: solving CNF is equivalent to QBF(2-CNF) + 1 extra clause
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Backdoors for QBF?

Attempt 1: out-of-class clauses

Bad news: solving CNF is equivalent to QBF(2-CNF) + 1 extra clause

C, G, C, C, Cs Cs
F=0VHVX)AXGSVIEVIR)AUXsVIH)AXGVIZVI) AUV XV X)) AV XV X)

F’=(€V@V@VEV@VQ)/\/\ /\(fﬁ C)

cCelF reC,
huge clause

F is satistiable <= V-player wins on Vx,, ..., xg3C, ..., Cs. F’



Backdoors for QBF

Attempt 2: CC-backdoors

QOBF: Does @ . F evaluate to 1?

Fix a tractable class € for QBF.

CC-backdoor to €: variables in F covering all clauses outside 6.

Eg. (X VH)AGGVIR) AU VX)) AGCHV ) AKXV XV X)) ARV XV X;)

B = {x,x3,Xg, X} is a clause-covering backdoor to 2-CNF.



Backdoors for QBF

CC-Backdoors: Alternative view

Fix a tractable class & for QBF.

How fast can we solve QBF on formulas @. F, A F where

e I, belongsto ¢, and
o [

out

£ (00 VI AT VI A (s VI A VB|A( VI V) A VIV xy)

Note: F. and F

out

is an arbitrary formula on k variables (k is small)

may share variables!



Backdoors for QBF

Our Results

CC-backdoor to €: # variables in F covering all clauses outside 6.

Let k be the CC-backdoor size.
1. 2%. poly(n) algorithms for QBF with CC-backdoor to 2-CNF

2. 2K.poly(n) algorithms for QBF with CC-backdoor to Affine
3. WI[1]-hard with CC-backdoor to 3-Horn
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One-variable Lookahead

= dxVydadbdcdd

F=xVaAnEGTVDAGVDA@VDbVEV
CC-Backdoor B = {a, b, c,d}
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Algorithm for 2-CNF

One-variable Lookahead

@ = dxVydadbdcdd
F =

xVAOAEVDAGVDIA@VbVvEVA

(
CC-Backdoor B = {a, b, c,d}

What happensitx = 0? x=0AFonp = a =1

What happensitx = 1?7 x=1AFmpn = b =1

Both choices reduce backdoor size.

Since x Is =

, try both and accept it either branch accepits.
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Algorithm for 2-CNF

One-variable Lookahead (case x = 0)

@O =Vydbdcdd
F=G(VbYAbVTVd
CC-Backdoor B = {b,c,d}

What happens ity = 0? y=0AF,onp = b =1

What happensify = 1?7 y=1A F,-yrhas no effecton B

Branch y — 0 is "harder” thany — 1.

Since yis V, proceed with the harder branch.



Algorithm for 2-CNF

One-variable Lookahead (formalized)

QBF formula @ . F where F = F5 vy A F

Backdoor: B = V(F, )

1. Pick the first variable x in @.

Compute U, and U, : unit propagations from x =0 and x = 1.
Check it Q. F, -y [U,] is true for b € {0,1}.

f both true and some U, N B = &:

i

Jx: keep U, Vx: keep U_,
5. Otherwise, both branches hit B.



Algorithm for 2-CNF

One-variable Lookahead (formalized)

QBF formula @ . F where F = F5 vy A F

Backdoor: B = V(F, )

1. Pick the first variable x in @.

Compute U, and U, : unit propagations from x =0 and x = 1.
Check it Q. F, -y [U,] is true for b € {0,1}.

f both true and some U, N B = &:

i

Key Lemma: In case 5,

Jx: keep U, Vx: keep U_,

5. Otherwise, both branches hit B. Q.F[x=-b]= Q.F[x=0b]




Algorithm for Affine

F=x+x%+x=0A0+x=DAX +x3=0A0K+x3=1)A (X ViV

Observations:

1. In every equation the innermost variable is 4, otherwise reject.



Algorithm for Affine

@Q = Vx;dx,dx;dx, x5 B = {x{,x3,%,}
F=x+x%+x=0A0+x=DAX +x3=0A0K+x3=1)A (X ViV

Observations: Xs = x4+ 1

1. In every equation the innermost variable is 4, otherwise reject.

2. Eliminate any innermost variable that is not in the backdoor.
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3. Pivot on any innermost non-backdoor variable that is not private.
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Algorithm for Affine

@Q = Vx,3dx,3x;dx, B = {x{, x5, x4}

F=x+x3+x,=0AX+x53=0)A0+x3=1)A(x; VX3V xy)

Observations:

1.

= W D

In every equation the innermost variable is d, otherwise reject.
Eliminate any innermost variable that is not in the backdoor.
Pivot on any innermost non-backdoor variable that is not private.

Reduce every equation to contain at most one non-backdoor variable.
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Algorithm for Affine

@Q = Vx;dx,dx;3x, B = {x{,x3,%,}

F=x+x3+x,=0AX+x53=0)A0+x3=1)A(x; VX3V xy)
Reduce every equation to contain at most one non-backdoor variable.

Total number of variables: at most 2k Kernel!

Furthermore: at most k equations = at most k variables require branching. Time 2*
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Summary

Towards Full Classification

Our theorem: QBF with a CC-backdoor to
1. 2-CNF isin FPT.

2. Affine is in FPT.

3. Horn is W[ 1]-hard.

4. Dual Horn is W[ 1]-hard.

s the classification complete?

Open case: clauses of the form (x), (x), (x = y)and (X; V ... VX)) ford > 3.



