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Temporal Reasoning Formalisms

Objects: points on the timeline x{, x5, ..., X,

X3 X4 Xy
%
X1

Point Algebra: x; <x;, x,=x;, x31#x, 3 x
STP:0<x;— 353 0Zx—x <0 —00<x—-—x<10

Z-DTP: ngl—x3S1V3 SXI_X3S4

Refs: Vilain, Kautz [AAAI'86] Dechter, Meiri, Pearl [KR'89]



Temporal Reasoning Formalisms

More Formally

Point Algebra (PA): contains binary relations <, >, <, >, #, = over Q.

STP: contains all binary relationsx —y € [a,b] wherea,b € QU {—0o0, + 0 }.

2-DTP: contains all binary relationsx —y € [a,b;]U ... U [a,, b,].



Checking Consistency

CSP(I) // constraint satistaction problem

In:  variables X = (xq, ..., x,),
constraints of the form x; R x; for some x;,x; € Xand R € I

Out: is there an assignment a : X — Q that satisfies all constraints?
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CSP(I) // constraint satistaction problem

In:  variables X = (xq, ..., x,),
constraints of the form x; R x; for some x;,x; € Xand R € I

Out: is there an assignment a : X — Q that satisfies all constraints?

Example 1: CSP(PA) instance x; < Xy, X; =X4, X F X3, X3 < Xy

Assignment a(x;) =2, a(x,) =3, alx;) =1, a(x,) = 2 satisties all constraints.



Checking Consistency

CSP(I) // constraint satistaction problem

In:  variables X = (xq, ..., x,),
constraints of the form x; R x; for some x;,x; € Xand R € I

Out: is there an assignment a : X — Q that satisfies all constraints?

Example 2: CSP(STP) instance

1 <x—x <2
2<x%—x<3
—00 <x;—x3 <2 Unsatistfiable



Fixing a Few Errors

MinCSP(I')
In: instance (X, C) of CSP(I') and budget k € N.
Out: isthere F C C, |F| < k such that (X, C\F) is satisfiable?
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In: instance (X, C) of CSP(I') and budget k € N.
Out: isthere F C C, |F| < k such that (X, C\F) is satisfiable?

Example 3: CSP(STP)instance 1l <x;—x, <2, 2<x—x <3, —c0<x—x;3<?2

No solution for k = 0.



Fixing a Few Errors

MinCSP(I')
In: instance (X, C) of CSP(I') and budget k € N.
Out: isthere F C C, |F| < k such that (X, C\F) is satisfiable?

Example 3: CSP(STP)instance 1 <x; —x, <2, 2 <x, — x;3 < 3, —eo<ar—H7<2-

No solution for k = 0.

Solutionfork=1: F={—00 <x; —x3 < 2}



Computational Complexity

CSP MinCSP

Point Algebra in P NP-hard
STP in P NP-hard
2-DTP NP-hard NP-hard
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Question: What is the complexity of MinCSP(I”) for all " C T'?



Fine-Grained Analysis

Restricting Expressive Power

[' e {PA, STE 2-DTP}
Question: What is the complexity of MinCSP(I”) for all " C T'?

Answer: MinCSP(I"”) remains NP-hard except for “trivial” cases.



Parameterized Complexity

MinCSP(I')
In: instance (X, C) of CSP(I') and budget k € N.
Out: isthere F C C, |F| < k such that (X, C\F) is satisfiable?

Can we at least solve MinCSP(I') when k is small?



Parameterized Complexity

MinCSP(I')
In: instance (X, C) of CSP(I') and budget k € N.
Out: isthere F C C, |F| < k such that (X, C\F) is satisfiable?

Can we at least solve MinCSP(I') when k is small?

PNP-h: CSP(I') is NP-hard (hard even tor k = 0)

XP: it CSP(I') is in P, try all k-subsets F. Requires | C\O(k) time.
FPT: canwesolveitin f(k) - | C |9 time?

WI[1]-h: as hard as finding a k-Clique (strong evidence & FPT)



Parameterized Complexity Classification

Restricting Expressive Power

['e{PA, STE 2-DTP}
Question: What is the parameterized complexity of MinCSP(I'") forall I" C I'?

e [OPW ESA'23] classitied MinCSP(I'") for all IV C PA.
e [DJOO AAAI'22] classitied MinCSP(I) tor all IV C STP.
e This work: classitied MinCSP(I") tor all IV C 2-DTP.



Classification for 2-DTP

Recall: 2-DTP relationsx —y € [a;,b{] U ... U la,, b,] wherea, b, € QU {—0o0, + o0}

Question: What is the parameterized complexity of MinCSP(I”) for all I'" C 2-DTP?



Classification for 2-DTP

WLOG

'

Recall: 2-DTP relationsx —y € [a{,b;]U ... Ula,, b,] where a,,b. € Z U {—00, + o0}

Question: What is the parameterized complexity of MinCSP(I”) for all I'" C 2-DTP?



Classification Theorem
Based on [BMM JACM'18]

2-DTP relationsx —y € [a;,b;]U ... Ula,, b,l where a,b, € Z U {—0o0, + o0}

For every I'" C 2-DTP, there exists B such that CSP(I'") = CSP(B) and OOTFH:

1. B has a finite domain

2.BC PA
3.BCSTP

4. B is a set of periodic 2-DTP relations

5. B is a set of equations and disequations

6. CSP(B) is NP-hard
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Classification Theorem

Point Algebra Case

2-DTP relationsx —y € [a
For every I C 2-DTP, the

1. B has a finite domain

2.BCPA

3.BCSTP
4. B is a set of periodic 2-I

5. B is a set of equations &

6. CSP(B) is NP-hard



Classification Theorem

2-DTP relationsx —y € [a;,b;]U ... Ula,, b,l where a,b, € Z U {—0o0, + o0}
For every I'" C 2-DTP, there exists B such that CSP(I'") = CSP(B) and OOTFH:
1. B has a finite domain

2.B C PA

3.BCSTP
4. B is a set of periodic 2-DTP relations

5. B is a set of equations and disequations

6. CSP(B) is NP-hard



Classification Theorem

STP Case

2-DTP relationsx —vy € [a

For every I C 2-DTP, the

1. B has a finite domain
2.BCPA
3.B CSTP

4. B is a set of periodic 2-I

5. B is a set of equations &

6. CSP(B) is NP-hard
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Obstructions of the first kind

Edge Multicut

In:  graph G, cutrequests (sy,%), ..., (s,,, %)
Out: edge subset X of size < k that separates all (s;, t,)-pairs



Equations and Disequations

Obstructions of the first kind

Edge Multicut

In: graph G, cut requests (Sl, tl)’ cens (Sm, tm) FPT! [MR SICOMP’'1 4]
Out: edge subset X of size < k that separates all (s;, t,)-pairs



Equations and Disequations

Obstructions of the second kind

xi—x=1=x+1=x
H—x=1=x+1=x
n=—x=1=x+1=x
xi—x,=1 = x,+1=x
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Obstructions of the second kind

xi—x=1=x+1=x
H—x3=1 = x+1=ux
n=—x=1=x+1=x
xi—x,=1 = x,+1=x

Group Feedback Set

In:  a system of difference equations of the formx —y =1
Out: drop at most k equations to make the system satisfiable




Equations and Disequations

Obstructions of the second kind

xi—x=1=x+1=x
H—x=1=x+1=x
n=—x=1=x+1=x
xi—x,=1 = x,+1=x

Group Feedback Set

In:  a system of difference equations of the formx —y =1 FPT!
Out: drop at most k equations to make the system satisfiable ~ [CPP Algorithmica’16]




Equations and Disequations

Obstructions together

A mix of difference equations x = y + 1 and disequalities x # .

One algorithm to handle both types of obstructions.

X —x =1
X — X, =1
X, — x4 =1
X| F X3
Xy £ X,

More technical details about MinCSP algorithms: PCCR workshop (Friday-Saturday)



Summary

e CSP: consistency-checking problem
* MinCSP: resolving few inconsistencies
 Parameterized Complexity: a natural framework for fixing few inconsistencies

* Fine-Grained Analysis: study the complexity of every tfragments of the formalism

e Point Algebra
e STP

e 2-DTP (this work) &4 New algorithm: equations and disequations



Future work

e Point Algebra 4, STP §4, 2-DTP
o |[sthe 2-DTP criterion decidable ?

e Temporal CSPs ?  // relations first-order definable over (Q; <)

e Other reasoning formalisms (e.qg., spatial reasoning) ?



